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Curvature Tensors and Unified Field Equations on
SEX,
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We study the curvature tensors and field equations in the n-dimensional SE
manifold SEX,. We obtain several basic properties of the vectors S, and U,
and then of the SE curvature tensor and its contractions, such as a generalized
Ricci identity, a generalized Bianchi identity, and two variations of the Bianchi
identity satisfied by the SE Einstein tensor. Finally, a system of field equations
is discussed in SEX, and one of its particular solutions is constructed and
displayed. :

1. INTRODUCTION

In Appendix II to his last book Einstein (1950) proposed a new unified
field theory that would include both gravitation and electromagnetism.
Although the intent of this theory was physical, its exposition was mainly
geometrical. It may be characterized as a set of geometrical postulates for
the space-time X,. Although the geometrical consequences of these postu-
lates were not developed very far by Einstein, Hlavaty (1957) gave its
mathematical foundation for the first time characterizing Einstein’s unified
field theory as a set of geometrical postulates for X,. Since then the
geometrical consequences of these postulates have been developed very far
by a number of mathematicians and physicists; among them Hlavaty’s
contributions are the most distinguished.

Generalizing X, to n-dimensional generalized Riemannian space X,
Wrede (1958) studied the Principles A and B given below. But this solution
of our (2.7) is not surveyable, probably due to the complexity of the higher
dimensions. Mishra (1959) and Chung et al. (1981, 1985a,b) also investigated
the n-dimensional generalization of principle A, using n-dimensional recur-
rence relations. However, so far as Principle B is concerned, the solution
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of the system (2.7) has not been obtained in a surveyable tensorial form,
due to the generality of the higher dimensional space.

Recently Chung et al {to appear) iniroduced the concept of n-
dimensional SE manifold, denoted by SEX,,, imposing the semisymmetric
condition (2.24) on X,,, and found the unique representation of the Einstein
connection in a beautiful and surveyable form, (2.25). Chung et al. (1985a,b)
obtained many results concerning SEX,, such as properties of the submani-
fold and the hypersubmanifold of SEX, and generalized fundamental
equations on the hypersubmanifold.

The purpose of the present paper is to study the properties of curvature
tensors and the field equations in SEX,, and to display a particular solution
of the field equations. This paper contains seven sections. Section 2 intro-
duces some preliminary notations, concepts, and results. Section 3 deals
with several basic vectors in SEX,. The next two sections are devoted
exclusively to the properties of the SE curvature tensor and its contracted
SE curvature tensors. In the last two sections we discuss the field equations
in SEX,, and construct a particular solution of them.

All considerations in the present paper are for general n> 1, unless
otherwise stated, and for all possible classes and indices of inertia.

2. PRELIMINARIES

This section is a brief collection of basic concepts, results, and notations
needed in subsequent considerations. The detailed proofs are given in
Chung et al. (1963, 1981, 1985a,b and to appear) and Hlavaty (1957).

2.1. Generalized n-Dimensional Riemannian Manifold

Let X, be a generalized n-dimensional Riemannian manifold referred
to a real coordinate system x”, which obeys coordinate transformations
x* - x” for which

ox'
Det(—) #0 (2.1)
ox

The space X, is endowed with a general real, nonsymmetric tensor g,,,
which may be split into a symmetric part h,,, and a skew-symmetric part k, s

&n=h,tk, (2.2)
where
g=Det(g,,.)#0, bh=Det(h,,)#0 (2.3)

3Throughout the present paper, Greek indices are used for the holonomic components of
tensors in X,. They take the values 1,2,---,n unless stated otherwise and follow the
sumrmation conventian.
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We may define a unique tensor h** by
h " =8, (2.4)
The tensors h,, and h** will serve for raising and/or lowering indices of
tensors in X, in the usual manner. In virtue of (2.3) we may also define a
unique real tensor *g** by
8 "8 =8 *g" =5, (2.52)
which may be decomposed into
*g/\y=*h)\1}+*k/\l’; *h)\v=*g()\v)’ *k/\x/:*g(/\i’) (25b)
The space X, is assumed to be connected by a real general connection
', with the following transformation rule:

_ax” faxP ax” ¥ x"
ax ax* "B ax gxt

v

AETT axe

(2.6)

2.2. Einstein’s n-Dimensional Unified Field Theory

Einstein’s n-dimensional unified field theory is based on the following
three principles as indicated by Hlavaty (1957): '

Principle A. The algebraic structure is imposed on a generalized n-
dimensional Riemannian manifold X,, by a general real tensor g,, defined
by (2.2).

Principle B. The differential geometric structure is imposed on X, by
the tensor g,,, by means of the Einstein connection I';, defined by a system
of Einstein equations

aa)g/\y. - F:wgap. - rzy,g)\a =0 (2.73)
or equivalently
Dwg/\y, = ZSZ,u.g)\a (2.7b)

where D, denotes the symbol of the covariant derivative with respect to
Iy, and
S::;L =r€‘w;¢.)=%(rz’p_rz.w) (2'8)

Principle C. In order to obtain g,, involved in the solution for I'}, in
(2.7), certain conditions are imposed, which may be condensed to

SA=S;Q=O, R(MA)=8(“Y,\), R(“,\)‘:O (2.9)
where Y, is an arbitrary vector, and

Riur =200 Thiw) T e, R, =R:,. (2.10)
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The following quantities will be used in our further considerations:

t=Det(k,,.) (2.11)

g=g/b, k=t/h (2.12)

Oky=8%, Pki=""k3k, (p=1,2,..) (2.13)
Ko=1, K,=kQkZ-- -k (p=12,..) (2.14)
K,=K,+K,+ - -+K, (2.15)

It is shown in Chung et al. (1981) that the following relations hold
between the quantities introduced in (2.3) and (2.11)-(2.15):
K,=k if nis even: K,=0 if pisodd (2.16)

g=hK, or g=K, (2.17)

On the other hand, equations (2.7) can be split into two equations
(Hlavaty, 1957)

Dby =28080)a (2.182)
D, ky =285u80)a (2.18b)

from which we also have
D h* = =287 .8p),h""h™" (2.18¢)

A procedure similar to Christoffel’s elimination applied to (2.18a) yields
that if equations (2.7) admit a solution I'},, it must be of the form (Hlavaty,
1957)

I‘}"M={A’;}+SK“+ U;,. (2.19)
where
U3, =2h"S xpku)s (2.20)

and {2} are Christoffel symbols defined by h,,.
Using the concepts of basic vectors and scalars, Chung et al. (1985a,b)
derived the following recurrence relation:

T KU OkI=0  (p=0,1,2,--7) (2.21)
f=0

0_={0, if niseven (2.22)

1, if nis odd
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Using (2.21), it has also been shown (Chung et al., 1981, 1985a,b) that the
n-dimensional representations of the tensors *h*”*, *k*”, *h, ,. and *k,,, are
given by

n—1
v = LS (K PR+ K, 0P 4 K, QR KR (223a)
g p=0
® AV =_1_ Z (Ko (p—l)kAv+K2 (p—3)kAv+, . "|'Kp_4 (3)kAv+Kp_2 k,\u)
g p=2
(2.23b)
*h/\y. = h/\[.l- - (2)k/\/.u *k)\u = k/\u. - (3)k)\p. (2.23C)

2.3. n-Dimensional SE Manifold SEX,

A connection I'}, is said to be semisymmetric if its torsion tensor S5,
is of the form

§:,=2640X,, (2.24)

for an arbitrary vector X,,. A connection that is both semisymmetric and
Einstein is called an SE connection, and a generalized n-dimensional
Riemannian manifold X,, on which the differential geometric structure is
imposed by g,, through a SE connection is called an n-dimensional SE
manifold, denoted by SEX,,.

It has been shown (Chung et al., to appear) that there always exists a
unique n-dimensional SE connection I'},, of the form

Tl =00 +2k0. X, +260, X, (2.25)
for a unique vector X, given by

1
X, =——*h"? Y.k, (2.26)

where V, is the symbolic vector of the covariant derivative with respect
to {,n).

3. THE VECTORS X,,S,, AND U,

Agreement 3.1. Our further considerations in the present paper are
exclusively restricted to the n-dimensional SE manifold SEX,,, n> 1.

In this section we investigate several properties of the vector X, given
by (2.26) and the vectors

SA = ‘;a, UA = f\la (3-1)

The following theorems are needed in our further considerations.
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Theorem 3.2. In SEX,, the vectors S, and U, are given by
S)‘z(l_n)X,\ (3.2)
U =kiX,=3,Ing (3.3)

Proof. Putting p = » in (2.24), we have (3.2). Similarly, the first relation
of (3.3) may be obtained by putting u = v in

U}, =2k X, (3.4)

which is a result of (2.20) and (2.24). In order to prove the second relation
of (3.3), multiply by *g** on sides of (2.7a) and make use of (2.5a) to get

d,Ing—Tg,-T5,=0 (3.52)
or
d,Ing+2S,-2I's, =0 (3.5b)
On the other hand, in virtue of the classical result
{ap} =29, 1Inb (3.6)
we have
re,=3,Inh+S,+ U, (3.5¢)
The second relation of (3.3) immediately follows from (3.5b) and (3.5¢). W
Remark 3.3. In virtue of (3.3) and (3.4), we note that
X,=0 implies S,=0 and U, =0

Now, introduce the following abbreviation for an arbitrary real
vector Y, :

)
Y, =®k2Y, (p=0,1,2,--+) (3.7a)

Then, since
- »
(p)km _ (,l)p p kM’
we have

»)
Y =(-1)" Pkiy* (p=0,1,2,--) (3.7b)
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and in particular
(0 (0)
Y, =Y, Y'=Y" (3.7¢)

Employing this abbreviation, we have the following sequence of
theorems, which will be needed in our subsequent considerations:

Theorem 3.4. In SEX,, the following relations hold:

(p) (p—1) p) (p—1)

Xi= U, S,=(—-n) Uy (p=12,--) (3.82)
(p) (p-1) (») (p—1)
X’'=—U*, 8§ =(n-1) U’ (3.8b)

Proof. In virtue of (2.13), (3.2), (3.7), and the skew symmetry of k,,,
our assertions in this theorem are immediate consequences of (3.3). W

Theorem 3.5. In SEX,, the following relations hold:

(p) (q) (» (@)
U X*=U,8*=0 ifptg+lisodd(p,g=0,1,2,---) (3.9a)

In particular, we have

p) »)
U, X“=U,8*=0 ifp=0,2,4,--- (3.9)

Proof. The relations (3.7a), (3.7b), and (3.8a) give

(p) (q) (p+1) (q)

UX%= X, X%=(=1)? "9 Vg XX (3.10)

Our assertion (3.9a) follows from (3.10) in virtue of the skew symmetry of
k,, and (3.2). The relation (3.9b) is an immediate consequence of (3.9a). B

Theorem 3.6. In SEX, the following relations hold:

1)

U:’LXD‘ =2U(AX#)=2X(AX’L) (3113)
(1)
U:’,‘Sa=2(1"n)U()\X#):Z(I“n)X()‘X’u_) (3.11b)
(1) (2)
Us, U, =2UuX,, = 2X 0 X,,, (3.11c)

Proof. In virtue of (3.4) and (3.7a), we have

») (p) (p+1}

A Yo=2k X, )Y, =2Y,X,, (p=0,1,2,--4) (3.12)

Our assertions (3.11) can be easily shown from (3.12). B
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(p)
Theorem 3.7. In SEX,, the vector X, satisfies the following recurrence

relation:

n—a (n+p—f)
Y Kr X, =0 (p=0,1,2,--4) (3.13)
f=0
Proof. Multiplying by X, on both sides of (2.21) and making use of
(3.7a), we have (3.13). W

Theorem 3.8. In SEX,, the following relations hold:

DX, =V, X, —2U,X,, (3.14a)
DXy =VuX,y=0uX,,) (3.14b)
(1)
V(/\U‘L)ZO, D(AU#)ZZU(AX#)=2X(AX“) (3.14C)
Proof. In virtue of (2.25) and (3.12), we have
D(A Yu)'—‘a(,\ Y#)+2},(AXF_) (3.15)

for an arbitrary vector Y,. Our assertions follows easily from (3.3) and
(3.15. m

4. THE n-DIMENSIONAL SE CURVATURE TENSOR

This section is devoted to the study of the n-dimensional SE curvature
tensor R.,, defined by the SE connection I';, and of some identities
involving the tensor R;,.

Having found the SE connection in the form (2.25), as shown in the
following theorem, we may derive the representation of the SE curvature
tensor R, as a function of X, g,,., and their first two derivatives by simply
substituting (2.25) into (2.10).

Theorem 4.1. The n-dimensional SE curvature tensor R;,,, in SEX,, is
given by

Sun = Hlopn + R+ RE (4.1)

where
H:;,M = 28(u{|/\’|/w} +2{a{#}{|/\ﬁn} (4.2a)
k iur = 2050, X 0y 280,V X, +2V Ui (4.2b)

I;V =2*hzjy_Xw)X)\ +2g(uw U‘u)X/\ +2ngwX,u.)U)\ (4.2C)

WA
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Proof. Substitute (2.25) into (2.10) and make use of (4.2a) to obtain
our =20, ({a )} + X85 — 8, X, + Usy,)
+2({az;¢}+ BZX(}L - Xcﬁ(”# + UZ(,L)({J)[A}"' Xw)ai - 5:,)XA + UZ),\)
= H {12850, X0y +2(8(u00)Xs — 80 {511 Xa)

+200. U talot Upnya T{alud Ua)r)

+2(8(. Xy X) = Xab8 L U+ UnuUaya) (4.3)
Clearly the sum of the second, third, and fourth terms on the right-hand
side of (4.3) is 11'35,,“\- On the other hand, we have

g,.=8,~k, (4.4a)
*h;=5;-—(2)k; (4.4b)
where use has been made of (2.2) and (2.23c). Now, substituting (3.4) into
the fifth term on the right-hand side of (4.3) and making use of (4.4), we
note that the fifth term is equal to I;,’,’,M in virtue of (4.2¢). Hence our proof
is completed. W
Theorem 4.2. The SE curvature tensor R, obeys the following
identities: ‘
Z:pu\ = Rz)cop)/\ (4'5)
RE’“’}‘-/\)=4SE}'\3}1X¢D) (4.6)
Proof. Equation (4.5) follows immediately from (2.10). In order to
prove (4.6), we use (4.1) to obtain

R(yw/u)x) = Hzlwu)\) + $z}w#)~)+ I;Z’ww\) (47)
In virtue of (4.2) we have
H(ww\)z 1§("qu>=0, ?quA)=45E}uanA) (4.8)

The identity (4.6) follows by substitution of (4.8) into (4.7).
The following two theorems are immediate consequences of Hlavaty’s
results (Hlavaty, 1957, p. 129):
P
DD, TR == L Tl e Ry

P wpé
a=1

q
LSS &
+ Z TA.-~~A’;_|§AB+1---A4Rwu/\B

B=1
+285,D, T3 (4.9)
DR un = =250 R} s (4.10)

which hold on a manifold to which an Einstein connection is connected. W



1092 Chung and Lee

Theorem 4.3. (Generalized Ricci identity in SEX,,.) The SE curvature
tensor R, in SEX, satisfies the following identity:

4
| REES LSRRRE T 2 NP 4 v,
2D(D,, T3 ==Y Tle®en "Rl

a=1

q
[TY 13
+ BZI TA,--u\”‘;_lg)\ﬁﬂ---/\‘,me\B

Proof. Making use of (2.24), we see that (4.11) is a direct consequence
of (49). N

Theorem 4.4. (Generalized Bianchiidentity in SEX,,.) The SE curvature
tensor R;,, in SEX,, satisfies the following identity:

D(Rouyn = —4X(eH fuyn + M (gupin (4.12)
where
IM% 0 = (81 X,00X, + XLV, X, + X,V UL + 25X U X, (4.13)

Proof. In virtue of (2.24) and (4.1), the identity (4.10) may be
rewritten as

DR pyx =280 H g — 25?@13;)& - zsfng}Z)m
= —4X(Hpon —4 X Rupn =4 X Roun (4.14)

In virtue of (4.2b) the second term on the right-hand side of (4.14) may be
expressed in the form

X (Rl = 28X (60, Xer+ X8V 0) X0 + XV, Ulpy)  (4.152)

The relation (4.2¢), together with (4.4a), enables us to write the third term
on the right-hand side of (4.14) as follows:

X(eRbun = =2(8(XoUpy ~ k(e XoUp)) X,

= —Zg&XwUM)X,\ (4.15b)

We now substitute (4.15a) and (4.15b) into (4.14) and make use of (4.13)
to complete the proof of (4.12). H
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5. THE CONTRACTED SE CURVATURE TENSORS

This section is devoted to the study of the contracted n-dimensional
SE curvature tensors of the SE connection I'y, and of some identities
involving them.

The tensors

Rp.A = Rgp,/\a un = Rip,a (5'1)

are called the first and second contracted SE curvature tensors of the SE
connection I'},, respectively. They also appear as functions of g,, and its
first two derivatives.

Theorem 5.1. The second contracted SE curvature tensor V,,, in SEX,,
is a curl of the vector S,. That is,

pr, = 20(,»5“) (52)
Proof. Putting A =» =« in (4.1), we have

V= Hipo+ R+ Rip (53)

In virtue of (3.2), (3.14b), and (4.4), the relations (4.2) give

«
Hmp.a

=R, =0
2

wpa

)

ISZP'Q = 2n6(dew)+ ZV(wXM) = 2(1 - n)a(wXM) = 26(,,,5

which together with (5.3) proves (5.2). W

Theorem 5.2. The first contracted SE curvature tensor R,, in SEX,, is
given by

R, =H,, +23,X,+V, T,-V, U,

+(1-n—2K)X, X, + U, U, —2U,,.Sy, (5.4)

where
H,,=Hg,, (5.52)
Ty.=8S:.tUj,, T,=T,=S,+U, (5.5b)

Proof. Putting w = v =« in (4.1) and making use of (5.5a), we have

RM = ;L).""]Rz,.m"'];‘;w\ (5-6)
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Now, the relation (4.2b), together with (3.2), (3.14b), and (5.5b), gives
Ileﬁ,m =26, X\t (1—-n)V X, +V, U, -V, U;,

=28(}LXA)+V;LT)\—VQUZ./\ ‘ (5.7a)

On the other hand, in virtue of (2.14), (3.2), (3.7a), (3.8a), and (4.4), it
follows from (4.2¢) that

122“ =2(88, = PkE) Xoy X +2(80 — k&) Uy Xo +2(88 — ko) X,y Uy

[-777 S

=(1-n—-2K)X, X, ~2U,S,,+ U,U, (5.7b)
Our assertion follows immediately from (5.6), (5.7a) and (5.7b). W

Remark 5.3. In virtue of (2.26), (3.2), (3.3), and (3.4), we note from
(5.4) that R, is a function of g,, and its first two derivatives.

Theorem 5.4. If X, is not a gradient vector, the tensor R,,, is symmetric
only when n =3.

Proof. The expression (5.4) may be rewritten as
R, =H,, -2V, X,,*+(3-n)V, X, +V, U, -V, U5,
+(1-n-2K;)X, X, + U, U, —2U.S,, (5.8)

where use has been made of (3.14b) and (5.5b). Since V, U, =V, U, in
virtue of (3.14b), we have

Runy=02 (3-n)V,X,)=(3-n)3.X,) =0
from which our assertion follows. W

Remark 5.5. In Theorem 5.4 we excluded the case §,X,, =0, because
the assumption that the vector X, is not a gradient vector is necessary in the
discussion of the field equations in X,.

Theorem 5.6. The contracted SE curvature tensors in SEX, are
related by

2R(M-)\) = 48(;1.X)\) + Vp.A (59)

Proof. In virtue of (3.2), (3.14b), (5.2), and (5.8), we can prove relation
(5.9) in the following way:

2R(/-"’\) =2(3—n)8(“XM =2(1 - n)a(“X,\)+46<#X,\)
228(#SA)+48(}LX)‘)= VIIJ\+46(HX)\) .
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Remark 5.7. An alternative proof of Theorem 5.6 may be obtained by
putting A = v = a in (4.6) to derive

Vw,u. - Rp,w + Rwy. = 40(wSu)+48(mXu)

Our next task is to obtain a generalization of the classical identity

V.E*=0 (5.10)
where*
H=h"*H,,, E.,=H-3,H (5.11)
The quantities
R=h**R,;, GL=R,-35.R (5.12)

will be referred to as the SE curvature invariant and SE Einstein tensor of
SEX,, respectively. First we need the following two theorems.

Theorem 5.8. In SEX,, we have
D =-2X%gV +2X bt (5.13a)
D=8+ Uy* (5.13b)

Proof. In virtue of (2.18¢c), (2.24), and (4.1a), we can prove the relation
(5.13a) in the following way:

D™ ==2(87 X (o — X.81,)8a),h*"h*
=2(~X(a8p)e T Xuhap)B*"H*
=-2X%(82) - k) +2X,
=-2X"gl+2X h"
The relation (S.IQb) is a direct consequence of (5.13a). M
Theorem 5.9. In SEX,, we have
R=H+V,T*-V, U+(1-n-2K)X+U (5.14a)
D.R; =V .R;+(U,—nX,)R;+RX, - UL, R; (5.14b)
where
X=XX", U=UU" (5.14¢)

*The tensor E}, is called the Einstein tensor. This tensor is of fundamental importance because
its divergence vanishes identically in virtue of (5.10).



1096 Chung and Lee

Proof. The representation (5.14a) follows from (5.4) in virtue of (3.9),
(3.14b), (5.11), and (5.14c). The relation (5.14b) may be shown in the
following way in virtue of (2.24), (3.2), and (5.5b):

D,R; =3,R;+T5,RE~T* R
=V,R.+ TsRE - S5, R5— UB, RS
=V.R:+(T,-X,)R;+RX,—U",R3
=V.R.+(U,-nX,)R;+RX,— U, R}
Now we are ready to prove the following generalization of (5.10). W

Theorem 5.10a. (A variation of the generalized Bianchi identity in
SEX,.) The SE Einstein tensor G, satisfies the following identity in SEX,,:

D,G%=P,-%,.M - (5.15a)

where
P, =V, (R:—H)+(U,—nX,)RE+RX,— UL, R;  (5.15b)
M=V, T*-V Uf+(1-n-2K,)X+U (5.15¢)

Proof. The proof of (5.15a) follows easily from (5.12) in virtue of (5.10),
(5.14), (5.15b) and (5.15¢). A

Remark 5.11. Several earlier authors (e.g., Bose 1953; Einstein, 1955;
Lichnerowicz, 1955; Schrodinger, 1949; Winogradski, 1956) tried to general-
ize (5.10) on a manifold to which an Einstein connection is connected, but
their results are cumbersome. Note that our result (5.15) in the above
theorem, which holds in SEX,,, is a very handy and surveyable tensorial
form.

Theorem 5.10b. (A variation of the generalized Bianchi identity in
SEX,.) The SE Einstein tensor G, satisfies the following identity in SEX,,:

2D.G;=X°Q,,—U"R,, —2RX,, —3h“”\M(BBL,,“M + h“’"DB(Rw”(,\a)h“B)
(5.16a)

where

Q.o =(3—n)R,.+R.,—8E,,—R5, Kk}~ R.gki (5.16b)

apy
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Proof. The proof of this assertion is based on the generalized Bianchi
identity (4.12). It may be written in the form
— D (R,parh”™)+ DR s+ DR}
= —12X(H 5uyx +3M (gopn = 2De(Roprar ™)

If we contract for » and £ and multiply by 2“* on both sides of the above
equation, we find

—h“*Dg(R,parh*®)—h**D, R, + h“*D,R,,
=—12h* X gH% s + 30" MEaip =20 Dg(Rupaarh®®)  (5.17)

In virtue of (5.1), (5.12), and (5.13), the terms on the left-hand side of (5.17)
can be rewritten as

- thDB(Rwy,ou\haB) = _DB(Rwy.a)\hthw)\) + Rwua)‘haﬁDB(hmA)
=—DgRE+2R,, n P (— X g+ Xsh")
=-D,RZ+2X*(R,.—V,,—R%, k}) (5.18a)

- h“’)‘DwRM =-D,Ry+ RM(thwA)
= —D,R%+(S*+U")R,, (5.18b)
h“*D,R,, = D,R — R,,D,h**
= D,R+2X%(R,, —R.zk?)-2RX,  (5.18¢)

On the other hand, the relations (5.5a) and (5.11) allows the first term on
the right-hand side of (5.17) to be expressed in the form

_lzhw)‘X(BHﬁ’_,_))\ =8X0Ez (5.18d)
We now substitute (5.18) into (5.17) to compiete the proof of (5.16). W

Remark 5.12. Comparing the expressions (5.15a) and (5.16a), we note
that the former is more refined, because the last two terms of (5.16a) are
not surveyable.

6. FIELD EQUATIONS IN SEX,

By field equations we mean a set of partial differential equations for
g..- In the present section and in what follows we are concerned with the
geometry of field eqations in SEX,, and not with their physical applications.

Chung et al. (1987) found the unique SE connection I'},, in SEX,, as
a function of g,, in the form (2.25). Substituting it into (2.10), we saw
in the previous two sections that the SE curvature tensor R;,, together
with its contracted curvature tensor R,, appear as a function of g,,. In
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order to obtain the tensor g,, with which we started in dealing with
Principles A and B, we prescribe the following conditions for it in terms
of R,, (see Remark 6.2):

Riiny=38w Yy (6.1a)
R(PJ\)=0 (6.1b)

where Y, is an arbitrary vector. Clearly, (6.1a), (6.1b) represent a system
of n* differential equations of the second order for Sipr

Therefore, our unified field theory in the n-dimensional SE manifold
SEX, is governed by the following set of equations: n® equations (2.7)
under the condition (2.24), which determine the unique SE connection I';,,
and n” field equations (6.1) for n® unknowns 8., (see Theorem 6.5, which
states that the unknowns Y, are uniquely determined in SEX,,).

Remark 6.1. We note that in the unified field theory of SEX, the
conditions (6.1) are of a purely geometrical nature and physical interpreta-
tion is not involved in them a priori.

Remark 6.2. Einstein suggested several different sets of field equations
in his four-dimensional unified field theory. His final suggestion consists of
three sets of tensorial differential equations, the first of which is S, =0.
Hlavaty formulated Einstein’s idea mathematically by giving 64 equations
(2.7) determining the Einstein connection I';, and 20 field equations (2.9)
for 20 unknowns g,, and X,.

Therefore, it would seem natural to follow the analogy of Einstein’s
field equations (2.9) in our manifold SEX,, too. However, the restriction
S, =0 is too strong in our unified field theory in the SE manifold SEX,,,
since this condition implies

X,=0 andhence T;,={.}

in virtue of (2.25) and (3.2). Therefore, we shall not adopt {2.9) as a starting
point, exclude the condition S, =0, and impose the field equations in SEX,
as given in (6.1).

Agreement 6.3. In our further considerations we restrict ourselves to
the conditions

X, #0 and X, not a gradient vector (6.2)

This restriction is quite natural in view of (6.1) and Remark 6.2.
Our first consequence of (6.2) is the following theorem.
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Theorem 6.4. In SEX, we have
U.#0 (6.3)
Proof. Assume that Uj, =0. Then (3.4) implies that
knX,+k,.X,=0 for every A, u, v

In virtue of the condition (6.2), there exists at least one fixed index ¢ such
that X, # 0. Hence

ko X+ ki X, =0 for every A and v (6.4)

Putting A = £ in (6.4), we have k., =0 for every ». If A # £ then k,, =0 for
every v, since k;, =0. Hence we have

ky, =0 for every A and v
which is a contradiction to the nonsymmetry of g,,. W

Theorem 6.5. In SEX,,, n # 3, the field equation (6.1a) is satisfied by
a unique vector Y, given by

—*hP kg, (6.5)

YA=(3—~n)X,\=n

Proof. In virtue of (5.8), we have
Ry =B —-n)8. Xy,

from which the first equality follows. The second representation is an
immediate consequence of (2.26). H

Theorem 6.6. In SEX,,, n # 3, the field equation (6.1b) is equivalent to
H +9, Ty =V U +(1-n—2K) X, X, + U, U, —2U,.S,,=0 (6.6)

Proof. Our assertion (6.6) is an immediate consequence of (5.4)
and (6.1b). N

7. A PARTICULAR SOLUTION OF (2.7) AND (6.1)

In this final section we construct and display one particular solution
of (2.7) and (6.1} in SEX,, under the condition (2.24).

Agreement 7.1. In our further considerations we restrict ourselves to
the cases n=4.
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Let h,, be of the form

+1 000 ... 0 0
0 +1 00 0 0

(=1 : Do (7.1)
0 000... +1 0
0 000 0 -1

z=x""1-x" (7.2a)
possessing at least the first two derivatives with respect to z and satisfying
$#0,1 (7.2b)
Introduce two vectors
A,=(0,0,--+,0,1,-1), V.=V, (z) (7.3)
which satisfy the conditions
A A% =0, AV =9, V,Ve:=0 (7.4)
Then the tensor field g,, = h,, +k,, with
kv =2A0V,, (7.3)
obviously satisfies
h#0, t=0, g#0 (7.6a)
and
all {2}=0 (7.6b)

Furthermore, for an arbitrary tensor field T that is a function of z, we
have in virtue of (7.1), (7.3), and (7.6b)

VuTi=0,T:=A(T2) (7.7)
where the prime indicates derivative with respect to z

Agreement 7.2. The situations stated in (7.1)-(7.5) are called * present
conditions” in our further considerations.

The following sequence of theorems will be proved under present
conditions.

Theorem 7.3. Under present conditions we have

(p)kAV — ¢p—2+s (2—E)k)\u (P — 1, 2, 3, .. .) (783)
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where
DA =26AM VY — A A” (7.8b)
and

. {0 if piseven (7.9)

1 if pisodd

Proof. In virtue of (7.4), (7.5), and (2.13), we can derive the relation
(7.8b) as follows:

DA = kPl = (AMVE - A*VA)(A VY - A"V,)
=2¢AM V" — A A”

The assertion (7.8a) will be proved by induction on p. In virtue of (7.5)
and (7.8b), it can be easily seen that (7.82) holds for p =1, 2. Now, assume
that (7.8a) holds for an arbitrary p. Then, according to the inductive
hypothesis, the following relation holds for g=p+1:

@ prv — (P prapy
@

- ¢p—2+e (2*s)k)xakv — ¢p—2+€ (3*E)k1\1}
[24

{(b,,—z DA = pPk* = ¢ kM if p is even
7! DA = a2 DA if p is odd

or equivalently

(A = a2+’ e an, 8,:{0 ?fq ?s even
1 if q is odd
This shows that our assertion (7.8a) holds forg=p+1. M
Remark 7.4. Note in particular that
DA = $P72(2pAM VY — A AY) when p is even (7.10)
Theorem 7.5. Under present conditions we have
g*h =K, . h"+a Pk (7.11)
where

_ ndre n—4+o—p -
a='% o g, (7.12)

p=0
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Proof. Invirtue of (2.15), (2.33a), (7.10), and (7.12), our assertion follows:
g¥hY =K, 5 oh" + Ky o Pk + K, gy DU+ o+ K, (AT A
+IZ0 (n—-2+o’)k/\v
= Koaioh™ +(Roogso + Kyogro®™+ - -+ Kpgp" ™7
+ Rogp" ) D
=K, 2:ch""+a @K W
Theorem 7.6. Under present conditions we have
X, = NA, (7.13)
where

= ¢,(IZHA2+G+ a¢2)
g(1—n)
Proof. 1In virtue of (7.5) and (7.7), it follows from (2.26) that

(7.14)

X, = *hPVY kgy = *hPA,(AgVi—AV))

n—1 n—1
which is equivalent to
g(n—1)X, =(K, . .h*® +a PkP)A (A V- A V))
=—¢'(K,21ot ad”) A,

in virtue of (7.4) and (7.11). Our assertion immediately follows from the
above equation. W

Theorem 7.7. Under present conditions we have

AX =A,8%=0 (7.152)
V.X®=¢N (7.15b)
U, = éNA, (7.15¢)
V.5 =(1—-n)N'AA,, V.U =(¢N)ALA, (7.15d)
VU =2A$N)'AA, (7.15¢)
K,=—¢? (7.15f)

Proof. The assertions in this theorem are direct conséquences of (7.4),
(7.5), (7.7), and (7.13). In the following we give the proof of (7.15¢) making
use of Ak, = A, and A, (k7)Y =¢'A,:

VaUzz\ =aaUﬁ.A =Aa(kzXA +kf\tXu)’=2(¢N),A;LAA -
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Theorem 7.8. A necessary and sufficient condition for the tensor field
g, under present conditions to satisfy the field equation (6.1b) is that ¢
is a solution of
(1-n-¢)N'—¢'N+[3¢>+2(n—1)¢p+1—n]N*=0 (7.16)
Proof. This assertion follows from (6.1b) in virtue of (7.15). W
Theorem 7.9. If equation (7.16) admits a solution ¢, the n-dimensional
SE connection I'},, under present condition that satisfies the field equations
(6.1) is given by _
%, =2N84H A, +2N(V'A, —A’V,)A,, (7.17)
Proof. This assertion follows from (2.25) in virtue of (7.5), (7.6b), and
(7.13). 1

Remark 7.10. Let b and c be arbitrary functions of z with at least the
first two derivatives with respect to z. Taking the vector V, as

Zb zc
Vi= (b2+62)1/2,(b2+C2)1/2,0’0’..-’Z (7.18a)

we have .
¢ =z, d'=1, 6=0 (7.15b)

After a lengthy computation, we can prove that ¢ = z is a solution of (7.16).
Hence, we conclude that the set of fields g,,, under present conditions that
satisfy the field equations (6.1) is not an empty set.

Remark 7.11. Hlavaty (1954) displayed a particular solution of the
Einstein connection I'}, that satisfies the field equations (2.9) when n=4.
Instead of the conditions (7.4) imposed on the vector V,, he gave the
conditions

AA=A V=V, V*—1=0 (7.19)

However, in our SE manifold SEX, the conditions (7.19) lead to X, =0, a
contradiction to (6.2), and they give no results. Therefore, we need to
construct a new systems of the tensor field g,, under present conditions.
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